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ON BICONSERVATIVE SURFACES
SIMONA NISTOR
Abstract. We study in a uniform manner the properties of biconservative sur-
faces in arbitrary Riemannian manifolds. Biconservative surfaces being charac-
terized by the vanishing of the divergence of a symmetric tensor field S2 of type
(1, 1), their properties will follow from general properties of a symmetric tensor
field of type (1, 1) with free divergence. We find the link between the biconser-
vativity, the property of the shape operator AH to be a Codazzi tensor field, the
holomorphicity of a generalized Hopf function and the quality of the surface to
have constant mean curvature. Then we determine the Simons type formula for
biconservative surfaces and use it to study their geometry.
1. Introduction
In the last decade the theory of biconservative submanifolds proved to be a very
interesting research topic (see, for example, [1,4–7,16,19,22,23]). This theory arose
from the theory of biharmonic submanifolds, but the class of biconservative subman-
ifolds is richer than the later one.
Let (Mm, g) and (Nn, h) be two Riemannian manifolds. A biharmonic map is a
critical point of the bienergy functional
E2 : C
∞(M,N)→ R, E2(ϕ) = 1
2
∫
M
|τ(ϕ)|2 vg,
where τ(ϕ) is the tension field of a smooth map ϕ :M → N , and it is characterized
by the vanishing of the bitension field τ2(ϕ) (see [12]). If ϕ : (M
m, g) → (Nn, h)
is a biharmonic map and a Riemannian immersion, then M is called a biharmonic
submanifold of N .
According to D. Hilbert (see [9]), to a functional E we can associate a symmetric
tensor field S of type (1, 1), called the stress-energy tensor, which is conservative,
i.e., div S = 0, at the critical points of E. In the particular case of the bienergy
functional E2, G. Y. Jiang (see [13]) defined the stress-bienergy tensor S2 by
〈S2(X), Y 〉 =1
2
|τ(ϕ)|2〈X,Y 〉+ 〈dϕ,∇τ(ϕ)〉〈X,Y 〉
− 〈dϕ(X),∇Y τ(ϕ)〉 − 〈dϕ(Y ),∇Xτ(ϕ)〉,
and proved that
divS2 = −〈τ2(ϕ), dϕ〉.
Therefore, if ϕ is biharmonic, then divS2 = 0 (see [13,14]).
One can see that if ϕ : (Mm, g) → (Nn, h) is a Riemannian immersion then
divS2 = 0 if and only if the tangent part of the bitension field vanishes. A subman-
ifold M is called biconservative if divS2 = 0.
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The biconservative submanifolds were studied for the first time in 1995 by Th.
Hasanis and Th. Vlachos (see [8]).
Biconservative submanifolds have some nice properties. For example, when m 6=
4, a pseudoumbilical biconservative submanifold ϕ : (Mm, g) → (Nn, h) has con-
stant mean curvature, i.e., it is CMC. We have focused on the m = 2 case and,
in this special situation, the biconservative surfaces proved to have more interest-
ing properties. A remarkable fact is that under the hypothesis of biconservativity
some known results in the theory of submanifolds can be extended to more gen-
eral contexts. For example, the generalized Hopf function associated to a CMC
biconservative surface in a Riemannian manifold is holomorphic (compare with the
classical results: the Hopf function associated to a CMC surface in a 3-dimensional
space form is holomorphic, and the generalized Hopf function associated to a PMC
surface in an n-dimensional space form is holomorphic).
The main idea is to notice that biconservative surfaces are characterized by
divS2 = 0 and therefore their properties will follow from the features of a free
divergence symmetric tensor field of type (1, 1) on M2 with a specific trace.
The paper in organized as follows. After recalling some general results about
tensor fields and submanifolds, we present in Section 3 some characterizations of
biconservative submanifolds which satisfy some additional geometric hypotheses (as
AH being a Condazzi tensor field or the surface having the mean curvature vector
fieldH parallel in the normal bundle, i.e., being PMC). We also study the properties
of submanifolds with AH parallel, as they are automatically biconservative.
One of the main results in Section 4 is Theorem 4.8 which gives a link between the
biconservativity of a surface and some properties of H and AH . In order to obtain
this result, as a biconsevative surface is characterized by the vanishing of the diver-
gence of S2, we study first, a little bit more generally, the properties of a symmetric
tensor field T of type (1, 1) with div T = 0, and then we apply these properties to
S2. In this section we also pay a special attention to CMC biconservative surfaces
in an arbitrary manifold Nn. More precisely, we give a description, only in terms
of |H| and µ (where µ is the difference between the principal curvatures of AH), of
the metric on the surface and of the shape operator AH . We prove that a CMC
biconservative surface can be immersed in 3-dimensional space forms having as the
shape operator the tensor field AH or S2.
In Section 5 we find the expression of the rough-Laplacian ∆RS2 of S2 and then,
integrating, we derive the conditions under which a compact biconservative surface
has AH parallel (Theorem 4.10 and Theorem 5.7). With a different technique we
get a similar result in the complete non-compact case (Theorem 5.8).
Conventions. Throughout this paper all manifolds, metrics and maps are assumed
to be smooth, i.e., in the C∞ category, and we will often indicate the various Rie-
mannian metrics by the same symbol 〈, 〉. All manifolds are assumed to be connected
and oriented. The following sign conventions for the curvature tensor field and for
the rough-Laplacian are used
RN (U, V )T = ∇NU∇NV T −∇NV ∇NU T −∇N[U,V ]T,
and
∆ϕW = − trace∇2W,
where W ∈ C (ϕ−1(TN)) and U, V, T ∈ C(TN).
The mean curvature tensor field of a submanifold Mm in Nn is defined by
H =
1
m
traceB,
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where B ∈ C(⊙2T ∗M ⊗ NM) is the second fundamental form of M in N and the
trace is considered with respect to the metric on M .
2. Preliminaries
First we recall some notions, formulas and general results about tensor fields and
submanifolds that we will use later.
It is well-known that a symmetric tensor field T of type (1, 1) on a Riemannian
manifold (Mm, g) can be identified with a symmetric tensor field T˜ of type (0, 2)
〈T (X), Y 〉 = T˜ (X,Y ), X, Y ∈ C(TM),
and, we will use the same notation T instead of T˜ .
Proposition 2.1. Let (Mm, g) be a Riemannian manifold and consider T and S
two symmetric tensor fields of type (1, 1). Then
(2.1) 〈∆RT, S〉 = 〈∇T,∇S〉 − divZ,
with ∆RT = − trace∇2T , Z ∈ C(TM), Z = 〈∇XiT, S〉Xi, where {Xi}i=1,m is an
orthonormal local frame field.
Proposition 2.2. Let (Mm, g) be a Riemannian manifold and consider T a sym-
metric tensor field of type (1, 1) and α is a smooth function on M . Then
(2.2) div (T (gradα)) = 〈div T, gradα〉+ 〈T,Hessα〉,
Definition 2.3. A submanifold ϕ : Mm → Nn is called pseudoumbilical if AH =
|H|2I, where I is the identity tensor field of type (1, 1).
Using the Codazzi equation, we easily find the next result.
Proposition 2.4. Let ϕ :Mm → Nn be a submanifold. Then
(2.3) trace∇AH = m
2
grad
(|H|2)+ traceA∇⊥· H(·) + trace
(
RN (·,H)·)T .
Corollary 2.5. Let ϕ :Mm → Nn(c) be a submanifold, c ∈ R. Then
(2.4) trace∇AH = m
2
grad
(|H|2)+ traceA∇⊥· H(·).
Let ϕ : Mm → Nn be a submanifold. Computing τ2(ϕ) by splitting it in the
tangent and in the normal part and using (2.3) we get the following characterizations
for biconservative submanifolds (various expressions for τ2(ϕ) were obtained in [2,
14,20,21]).
Proposition 2.6. Let ϕ : Mm → Nn be a submanifold. Then the following condi-
tions are equivalent:
(1) M is biconservative;
(2) traceA∇⊥· H(·) + trace∇AH + trace
(
RN (·,H)·)T = 0;
(3) m2 grad
(|H|2)+ 2 traceA∇⊥· H(·) + 2 trace
(
RN (·,H)·)T = 0;
(4) 2 trace∇AH − m2 grad
(|H|2) = 0.
We end this section with the following result.
Proposition 2.7. Let ϕ :Mm → Nn be a submanifold. Then we have:
(1) the stress-bienergy tensor of ϕ is determined by
(2.5) S2 = −m
2
2
|H|2I + 2mAH ;
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(2) traceS2 = m
2|H|2 (2− m2 );
(3) the relation between the divergence of S2 and the divergence of AH is given
by
(2.6) divS2 = −m
2
2
grad
(|H|2)+ 2m divAH ;
(4) |S2|2 = m4|H|4
(
m
4 − 2
)
+ 4m2 |AH |2.
Remark 2.8. From equation (2.6), we see that if M is biconservative it does not
follow that divAH automatically vanishes. In fact, only when |H| is constant the
biconservativity is equivalent to divAH = 0.
3. Other characterizations of biconservative submanifolds
In this section we will characterize the biconservative submanifolds which satisfy
some additional geometric hypotheses.
We begin with a study on the basic properties of submanifolds with AH parallel,
as they are the “simplest” biconservative surfaces. First, we define the principal
curvatures of a submanifold Mm of Nn as being the eigenvalue functions of AH .
Proposition 3.1. Let ϕ : Mm → Nn be a submanifold and λ1 ≥ · · · ≥ λm the
principal curvatures of M . If ∇AH = 0, then:
(1) M is biconservative;
(2) λi are constant functions on M , in particular M is CMC;
(3) A∇⊥
X
H(Y )−A∇⊥
Y
H(X) =
(
RN(X,Y )H
)T
, for any X,Y ∈ C(TM);
(4) traceA∇⊥· H(·) = − trace
(
RN (·,H)·)T .
Proof. For the sake of completeness, we give only the proof of the second item. More
precisely, we show that λi are constant functions onM . Let us consider an arbitrary
point p ∈ M . Since AH(p) is symmetric, then AH(p) is diagonalizable. We denote
by λ1,p ≥ · · · ≥ λm,p the eigenvalues of AH(p) and then we define the continuous
functions λi :M → R, λi(p) = λi,p, for any p ∈M and any i = 1,m.
Further, we consider {ei}i=1,m an orthonormal basis in TpM which diagonalize
AH(p), i.e., (AH(p)) (ei) = λi(p)ei, for any i = 1,m.
Consider q ∈M , q 6= p, and γ : [a, b]→M a smooth curve such that γ(a) = p and
γ(b) = q. We define the vector fields Ei = Ei(t), along γ, such that DEi(t)/dt = 0,
for any t and Ei(a) = ei. It is easy to see that W (t) = (AH(γ(t))) (Ei(t)) is also a
vector field along γ and
DW
dt
(t) =
(∇γ′(t)AH) (Ei(t)) +AH
(
DEi
dt
(t)
)
= 0.
Now, since D (λi(p)Ei) (t)/dt = 0, we get that W (t) and λi(p)Ei are parallel vector
fields along γ. Since for t = a they are equal, it follows that they coincide for any
t, and in particular, for t = b. Therefore, λi(p), i = 1,m, are eigenvalues of AH(q).
As q was chosen in an arbitrary way, we get that λi are constant functions on M ,
for any i = 1,m. 
Later in this paper, we will find some converse results of this proposition, more
precisely in the case when m = 2, we will show that, under some “standard” hy-
potheses, a biconservative surface has AH parallel.
Corollary 3.2. Let ϕ :Mm → Nn(c) be a submanifold, c ∈ R. If ∇AH = 0, then
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(1) A∇⊥
X
H(Y ) = A∇⊥
Y
H(X), for any X,Y ∈ C(TM);
(2) traceA∇⊥· H(·) = 0.
In the particular case of surfaces, we get a stronger result.
Proposition 3.3. Let ϕ : M2 → Nn be a surface. If ∇AH = 0, then M is
pseudoumbilical or flat.
Proof. Let λ1 ≥ λ2 be the principal curvatures of M . Since ∇AH = 0, from Propo-
sition 3.1 we have that λ1 and λ2 are constant functions on M .
If λ1 = λ2, obviously, M is pseudoumbilical.
If λ1 > λ2, around any point of M we can consider a local orthonormal frame
field {Ei}i∈{1,2} which diagonalize AH , i.e, AH (Ei) = λiEi, for i ∈ {1, 2}.
Using Ricci’s equation we get
R(X,Y )AH(Z) = AH(R(X,Y )Z),
for any X,Y,Z ∈ C(TM) and then
λiR (E1, E2)Ei =AH (R (E1, E2)Ei)
=AH (R(E1, E2, E1, Ei)E1 +R(E1, E2, E2, Ei)E2)
=λ1R(E1, E2, E1, Ei)E1 + λ2R(E1, E2, E2, Ei)E2,
for i ∈ {1, 2}.
From the both choices of i, i = 1 or i = 2, we obtain K = 0 on U , where K is the
Gaussian curvature of M given by K = R (E1, E2, E1, E2). 
If (Mm, g) is a Riemannian manifold and T is a parallel symmetric tensor field
of type (1, 1), then its eigenvalue functions λ1 ≥ · · · ≥ λm are constant functions on
M and, obviously, T is a Codazzi tensor field. If m = 2, the converse also holds.
Proposition 3.4. Let
(
M2, g
)
be a surface and consider T a symmetric tensor field
of type (1, 1). Let λ1 ≥ λ2 be the eigenvalue functions of T . If λ1 and λ2 are constant
functions on M and T is a Codazzi tensor field, then ∇T = 0. Moreover, if λ1 > λ2,
then
(
M2, g
)
is flat.
Proof. If λ1 = λ2 = λ, it follows that T = λI and ∇T = 0.
If λ1 > λ2, around any point of M we can consider a local orthonormal frame
field {Ei}i∈{1,2} which diagonalize T . By a simple computation, one obtains
(3.1)
(∇EjT ) (Ei) + T (∇EjEi) = λi∇EjEi,
for i, j ∈ {1, 2}.
Since T is a Codazzi tensor field, for appropriate choices of i and j in (3.1), we
get ∇EiEj = 0, for any i, j ∈ {1, 2}. It follows that the Gaussian curvature of M
vanishes everywhere and ∇T = 0 on M . 
If T = AH we have the next result.
Corollary 3.5. Let ϕ : M2 → Nn be a surface and λ1 ≥ λ2 be the principal
curvatures of M . If λ1 and λ2 are constant functions on M and AH is a Codazzi
tensor field, then ∇AH = 0.
Remark 3.6. If for a submanifold Mm in Nn the principal curvatures of M are
constants, then M is CMC.
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We note that, in general, AH is not a Codazzi tensor field. In the following we
will study the properties of submanifolds with AH being a Codazzi tensor field, and
their connection with biconservativity, as this is the next natural step after that of
AH being parallel.
We begin with a result which follows easily from the Codazzi equation, equation
(2.3) and Proposition 2.6.
Proposition 3.7. Let ϕ : Mm → Nn be a submanifold. If AH is a Codazzi tensor
field then
(1) A∇⊥
X
H(Y )−A∇⊥
Y
H(X) =
(
RN(X,Y )H
)T
, for any X,Y ∈ C(TM);
(2) trace∇AH = m grad
(|H|2);
(3) traceA∇⊥· H(·) = m2 grad
(|H|2)− trace (RN (·,H)·)T ;
(4) M is biconservative if and only |H| is constant.
If N is an n-dimensional space form, Proposition 3.7 can be rewritten as follows.
Corollary 3.8. Let ϕ : Mm → Nn(c) be a submanifold. If AH is a Codazzi tensor
field then
(1) A∇⊥
X
H(Y )−A∇⊥
Y
H(X) = 0, for any X,Y ∈ C(TM);
(2) trace∇AH = m grad
(|H|2);
(3) traceA∇⊥· H(·) = m2 grad
(|H|2);
(4) M is biconservative if and only if |H| is constant.
We end this section considering those submanifolds in space forms having H
parallel in the normal bundle. Using the Codazzi equation, we get the following
result.
Proposition 3.9. Let ϕ :Mm → Nn(c) be a submanifold with ∇⊥H = 0. Then
(1) M is a biconservative submanifold;
(2) AH is a Codazzi tensor field;
(3) 〈(∇AH) (·, ·), ·〉 is totally symmetric;
(4) trace∇AH = 0.
4. Properties of biconservative surfaces
In this section we will study biconservative surfaces and determine some of their
characteristic properties.
One of our main results is Theorem 4.8. In order to prove it, we begin with
a lemma which holds for an arbitrary symmetric tensor field T of type (1, 1), we
present some properties satisfied when div T = 0, and then we finish by bringing
them together in Theorem 4.7.
Lemma 4.1. Let
(
M2, g
)
be a surface and let T be a symmetric tensor field of type
(1, 1). We have
(1)
div T = grad t− 〈Z12,X2〉X1 + 〈Z12,X1〉X2,
where t = traceT , {X1,X2} is a local orthonormal frame field on M and
Z12 = (∇X1T ) (X2)− (∇X2T ) (X1) ;
(2) 〈T (∂z), ∂z〉 is holomorphic if and only if grad t = 2div T ;
(3) 〈T (∂z), ∂z〉 is holomorphic if and only if
grad t = 2〈Z12,X2〉X1 − 2〈Z12,X1〉X2.
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Proof. Since the first and the third items follow by standard computation, we will
only give the proof of the second item.
AsM is an oriented surface, locally, the metric g can be written as g = e2ρ
(
dx2 + dy2
)
,
where (x, y) are local coordinates positively oriented and ρ = ρ(x, y) is a smooth
function. As usually, we denote
∂z =
1
2
(∂x − i∂y) and ∂z = 1
2
(∂x + i∂y) .
Therefore, 〈T (∂z), ∂z〉 is holomorphic if and only if ∂z 〈T (∂z), ∂z〉 = 0. We can see
that the Christoffel symbols are given by
Γ212 = Γ
1
11 = −Γ122 = ρx,
where ρx =
∂ρ
∂x
and
Γ112 = Γ
2
22 = −Γ211 = ρy.
Thus, we obtain
∇∂x∂y =∇∂y∂x = Γ112∂x + Γ212∂y = ρy∂x + ρx∂y,
∇∂x∂x =Γ111∂x + Γ211∂y = ρx∂x − ρy∂y,
∇∂y∂y =Γ122∂x + Γ222∂y = −ρx∂x + ρy∂y.
After some straightforward computations, we get
∂z 〈T (∂z), ∂z〉 = e
2ρ
8
(−tx + 2〈div T, ∂x〉+ i (ty − 2〈div T, ∂y〉)) ,
where t = traceT . Now, it is easy to see that 〈T (∂z), ∂z〉 is holomorphic if and only
if grad t = 2div T .

Remark 4.2. We note that 〈Z12,X2〉X1 − 〈Z12,X1〉X2 does not depend on the
local orthonormal frame field {X1,X2}. Thus, there exists an unique global vector
field Z such that for any local orthonormal frame field, {X1,X2}, on its domain of
definition we have
Z = 〈Z12,X2〉X1 − 〈Z12,X1〉X2.
Therefore, we obtain the global formula
div T = grad t− Z.
Lemma 4.1 is the key ingredient to prove the following four propositions.
Proposition 4.3. Let
(
M2, g
)
be a surface and consider T be a symmetric tensor
field of type (1, 1). If t is constant then the following relations are equivalent
(1) T is a Codazzi tensor field;
(2) 〈T (∂z) , ∂z〉 is holomorphic;
(3) div T = 0.
Proposition 4.4. Let
(
M2, g
)
be a surface and consider T a symmetric tensor field
of type (1, 1). If div T = 0 then the following relations are equivalent
(1) T is a Codazzi tensor field;
(2) 〈T (∂z) , ∂z〉 is holomorphic;
(3) t is constant.
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Proposition 4.5. Let
(
M2, g
)
be a surface and consider T a symmetric tensor
field of type (1, 1). If 〈T (∂z) , ∂z〉 is holomorphic then the following relations are
equivalent
(1) T is a Codazzi tensor field;
(2) t is constant;
(3) div T = 0.
Proposition 4.6. Let
(
M2, g
)
be a surface and consider T a symmetric tensor field
of type (1, 1). If T is a Codazzi tensor field then the following relations are equivalent
(1) t is constant;
(2) 〈T (∂z) , ∂z〉 is holomorphic;
(3) div T = 0.
Summarizing, we can state the next theorem.
Theorem 4.7. Let
(
M2, g
)
be a surface and consider T be a symmetric tensor field
of type (1, 1). Then any two of the following relations imply each of the others
(1) div T = 0;
(2) t is constant;
(3) 〈T (∂z) , ∂z〉 is holomorphic;
(4) T is a Codazzi tensor field.
Considering T = S2 or T = AH , we get the following result.
Theorem 4.8. Let ϕ : M2 → Nn be a surface. Then any two of the following
relations imply each of the others
(1) M is biconservative;
(2) |H| is constant;
(3) 〈AH (∂z) , ∂z〉 is holomorphic;
(4) AH is a Codazzi tensor field.
Proof. For the sake of completeness, we will point out a few details from the proof.
First, we recall that S2 = −2|H|2I + 4AH , traceS2 = 4|H|2, traceAH = 2|H|2
and
(4.1) divS2 = −2 grad
(|H|2)+ 4divAH .
It is easy to see that
〈S2 (∂z) , ∂z〉 = 4〈AH (∂z) , ∂z〉,
and, therefore, 〈AH (∂z) , ∂z〉 is holomorphic if and only if 〈S2 (∂z) , ∂z〉 is holomor-
phic.
The idea of the proof is to choose a condition and then prove the equivalence
between each two other conditions using, in principal, Theorem 4.7 applied for T =
AH or T = S2.
For example, we assume that (1) holds. To prove that (2) implies (4) we note
that since divS2 = 0 and |H| is constant, form (4.1), we get divAH = 0. Now,
from Theorem 4.7 applied to T = AH , we get (3). Conversely, from Proposition
3.7, we have that hypotheses (1) and (4) imply (2). The other two equivalences, (2)
and (3), and (3) and (4), respectively, follow easily from the equivalence between
〈AH (∂z) , ∂z〉 being holomorphic and 〈S2 (∂z) , ∂z〉 being holomorphic, and the same
Theorem 4.7 with T = AH and T = S2.
The other cases can be easily proved in a similar way.

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Remark 4.9. If ϕ : M2 → Nn is a non-pseudoumbilical CMC biconservative
surface then the set of pseudoumbilical points has no accumulation points. Also, we
quickly deduce that if M2 is a CMC biconservative surface and it is a topological
sphere then it is pseudoumbilical (see [17]); compare with the classical result: a
PMC surface M2 of genius 0 in a space form is pseudoumbilical (see [10]).
Using Corollary 3.5, Remark 3.6 and Theorem 4.8, one gets the next result.
Theorem 4.10. Let ϕ : M2 → Nn be a biconservative surface. We denote by by
λ1 and λ2 the principal curvatures of M . If λ1 and λ2 are constant functions of M ,
then ∇AH = 0.
Remark 4.11. If we replace the hypothesis of “M is a biconservative surface” in
Theorem 4.10 by “〈AH (∂z) , ∂z〉 is a holomorphic function” the conclusion still holds.
Since, any CMC surface in a 3-dimensional space form is biconservative, using
Theorem 4.8, we easily get the following well-known properties for a CMC surface.
Corollary 4.12. Let ϕ :M2 → N3(c) be a CMC surface, c ∈ R. Then
(1) M is biconservative;
(2) AH is a Codazzi tensor field;
(3) 〈AH (∂z) , ∂z〉 is holomorphic.
For a PMC surface in an arbitrary manifold AH is not necessarily a Codazzi
tensor field, but when the surface is biconservative, this does happen.
Corollary 4.13. Let ϕ : M2 → Nn be a biconservative surface with ∇⊥H = 0.
Then AH is a Codazzi tensor field and
(
RN (X,Y )H
)T
= 0 for any X,Y ∈ C(TM).
Proof. First, we note that ∇⊥H = 0 implies |H| constant, and, if M is biconserva-
tive, from Theorem 4.8, we have that AH is a Codazzi tensor field.
Now, to show that
(
RN (X,Y )H
)T
= 0 we only have to replace ∇⊥H = 0 in the
Codazzi equation and use the fact that AH is a Codazzi tensor field. 
The next theorem gives a description in terms of |H| and the difference between
the principal curvatures ofM of the metric and of the shape operator in the direction
of H for a CMC biconservative surface in an arbitrary manifold.
Theorem 4.14. Let ϕ : M2 → Nn be a CMC biconservative surface. Denote by
λ1 and λ2 the principal curvatures of M and by µ = λ1 − λ2 their difference. Then,
around any non-pseudoumbilical point p there exists a local chart (U ;x, y) which is
both isothermal and a line of curvature coordinate system for AH . Moreover, on U ,
we have
〈·, ·〉 = 1
µ
〈·, ·〉0,
and AH is given by
〈AH(·), ·〉 =
( |H|2
µ
+
1
2
)
dx2 +
( |H|2
µ
− 1
2
)
dy2,
or, equivalently, by
AH =
( |H|2
µ
+
1
2
)
dx⊗ ∂x +
( |H|2
µ
− 1
2
)
dy ⊗ ∂y,
where 〈·, ·〉0 is the Euclidean metric on R2.
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In the particular case when n = 3, we obtain that µ satisfies
(4.2) µ
0
∆ µ+
∣∣∣∣
0
grad µ
∣∣∣∣
2
0
+ 2µ
(
KN + |H|2 − µ
2
4|H|2
)
= 0,
where KN is the sectional curvature of N3 along M2.
Proof. Let λ1 and λ2 be the principal curvatures of M and p a non-pseudoumbilical
point in M . Since λ1 and λ2 are principal curvatures of M , they are continuous,
and it follows that there exists an open neighborhood U around p such that λ1 > λ2
are smooth functions on U and µ = λ1 − λ2 is a positive smooth function on U .
Consider {E1, E2} a local orthonormal frame field on U such that AH (Ei) = λiEi,
for any i ∈ {1, 2}. Further, we consider the connection forms on U , defined by
∇E1 = ω21E2 and ∇E2 = ω12E1.
Clearly, ω21 = −ω12. From Theorem 4.8 one obtains AH is a Codazzi tensor field, i.e.,
on U we have
(∇AH) (E1, E2) = (∇AH) (E2, E1) .
Using the principal curvatures of M and the definition of ωji , on U , we get
ω21 (E1) =
1
µ
E2 (λ1) and ω
2
1 (E2) =
1
µ
E1 (λ2) .
Now, since | traceB| = 2|H| is a constant, it is easy to see that E2 (λ1) = (E2(µ)) /2
and E1 (λ2) = − (E1(µ)) /2. If we denote by
{
ω1, ω2
}
the local orthornormal coframe
field defined on U dual to {E1, E2}, one gets
ω21 =
1
2
(
(E2(log µ))ω
1 − (E1(log µ))ω2
)
.
After some straightforward computations, we obtain[
E1√
µ
,
E2√
µ
]
= 0,
and, therefore, on U there exist coordinates functions x and y such that ∂x = E1/
√
µ
and ∂y = E2/
√
µ. Moreover the expression of the metric in isothermal coordinates
on U is
〈·, ·〉 = 1
µ
(
dx2 + dy2
)
=
1
µ
〈·, ·〉0.
Since λ1 and λ2 are principal curvatures of M , it is easy to see that
〈AH(·), ·〉 = 1
µ
(
λ1dx
2 + λ2dy
2
)
.
We conclude, using λ1 + λ2 = 2|H|2 and λ1 − λ2 = µ, that
(4.3) λ1 = |H|2 + µ
2
and λ2 = |H|2 − µ
2
.
In the n = 3 case, from the Gauss equation it follows that
(4.4) K = KN (E1, E2) + |H|2 − µ
2
4|H|2 ,
where KN is the sectional curvature of N along M .
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Now, we recall that if 〈·, ·〉 = e2ρ〈·, ·〉0, where ρ = ρ(x, y) is a smooth function on
M , then K = e−2ρ
0
∆ ρ. In our case ρ = −(log µ)/2 and therefore
K = −µ
2
0
∆ (log µ)
= − 1
2µ
∣∣∣∣
0
grad µ
∣∣∣∣
2
0
− 1
2
0
∆ µ,
where 〈·, ·〉0 is the Euclidean metric on R2,
0
∆ and
0
grad are the Laplacian and the
gradient, respectively, with respect to 〈·, ·〉0.
Therefore, replacing K in (4.4), we obtain that µ is a solution of (4.2). 
Remark 4.15. Biconservative surfaces in Bianchi-Cartan-Vranceanu spaces, which
are 3-dimensional spaces with non-constant sectional curvature, were studied in [18].
Remark 4.16. If N is a 3-dimensional space form, the same result holds without
imposing the hypothesis of biconservativity, as a CMC surface is automatically
biconservative.
We note that, since K = −(∆(log µ))/2, the next result is obvious.
Corollary 4.17. Let ϕ : M2 → Nn be a CMC biconservative surface. Assume
that M is compact and does not have pseudoumbilical points. Then M is a topologic
torus.
Using Theorem 4.8 and Corollary 4.17 we obtain the following property.
Corollary 4.18. Let ϕ :M2 → Nn be a CMC biconservative surface. Assume that
M is compact and does not have pseudoumbilical points. If K ≥ 0 or K ≤ 0, then
∇AH = 0 and K = 0.
We end this section with two results which basically say that a CMC biconser-
vative surface in Nn can be also immersed in N3(c) having as the shape operator
either the tensor field AH or S2.
Theorem 4.19. Let ϕ : M2 → Nn be a biconservative surface. We denote by λ1
and λ2 the principal curvatures of M corresponding to ϕ. Assume that λ1 and λ2
are constants and λ1 > λ2. We have:
a) locally, there exists ψ :M2 → N3(c) an isoparametric surface such that AϕHϕ
is the shape operator of ψ in the direction of the unit normal vector field,
where
c =
µ2
4
− |Hϕ|4 ;
moreover
∣∣Hψ∣∣ = |Hϕ|2.
b) locally, there exists ψ : M2 → N3(c) an isoparametric surface such that Sϕ2
is the shape operator of ψ in the direction of the unit normal vector field,
where
c = 4
(
µ2 − |Hϕ|4
)
;
moreover
∣∣Hψ∣∣ = 2 |Hϕ|2.
Proof. First, we define a symmetric tensor field Aψ of type (1, 1) on M by
Aψ(X) = AϕHϕ(X), X ∈ C(TM).
As AϕHϕ is a Codazzi tensor field, A
ψ satisfies, formally, the Codazzi equation for a
surface in a 3-dimensional space form.
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Since the principal curvatures of M corresponding to ϕ, λ1 and λ2, are constants
and λ1 > λ2, from Proposition 3.3 it follows that K = 0. Now, formally, from the
Gauss equation for a surface in a 3-dimensional space form N3(c), and from (4.3),
we obtain
c =− detAψ
=− detAϕHϕ =
µ2
4
− |Hϕ|4 .
Therefore, locally, there exists an immersion ψ : M2 → N3(c) such that its shape
operator in the direction of the unit normal vector field is Aψ. Moreover, the surface
is isoparametric as λ1 and λ2 are constants.
It is known that |τ(ψ)| = 2 ∣∣Hψ∣∣ = traceAψ and in the same time
traceAϕHϕ = λ1 + λ2 = 2 |Hϕ|2 =
|τ(ϕ)|2
2
.
From the definition of Aψ we easily get
∣∣Hψ∣∣ = |Hϕ|2.
Second, we define the shape operator associated to the surface ψ : M2 → N3(c)
as
Aψ(X) = Sϕ2 (X), X ∈ C(TM),
where c ∈ R.
Since Sϕ2 = −2 |Hϕ|2 I +4AϕHϕ , using the same argument as in the previous case,
one obtains
c =− detAψ
=− detSϕ2 = 4
(
µ2 − |Hϕ|4
)
and |τ(ψ)| = |τ(ϕ)|2, i.e., ∣∣∣Hψ∣∣∣ = 2 |Hϕ|2 .

Theorem 4.20. Let ϕ : M2 → Nn be a biconservative surface. Denote by λ1 and
λ2 the principal curvatures of M corresponding to ϕ. Assume that λ1 and λ2 are
constants and λ1 = λ2. If K = 0, then we have:
a) Locally, there exists ψ : M2 → N3(c) an umbilical surface such that AϕHϕ is
the shape operator of ψ in the direction of the unit normal vector field, where
c = − |Hϕ|4 ;
moreover
∣∣Hψ∣∣ = |Hϕ|2.
b) locally, there exists ψ :M2 → N3(c) an umbilical surface such that Sϕ2 is the
shape operator of ψ in the direction of the unit normal vector field, where
c = −4 |Hϕ|4 ;
moreover
∣∣Hψ∣∣ = 2 |Hϕ|2.
5. The Simons type formula for S2
As we have already mentioned we will present here some converse results of Propo-
sition 3.1 (see Theorem 4.10, Theorem 5.7 for the compact case, and Theorem 5.8
for the complete non-compact case).
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First, as in the previous section, we will compute the rough-Laplacian ∆RT for
an arbitrary symmetric tensor field T of type (1, 1) on M with div T = 0, and then
∆RS2.
Proposition 5.1. Let
(
M2, g
)
be a surface and T a symmetric tensor field of type
(1, 1). Assume that div T = 0. Then
(5.1) trace
(∇2T ) = 2KT − tKI − (∆t)I −∇ grad t.
Proof. Let p ∈ M be an arbitrary point and {X1,X2} a local orthornormal frame
field, geodesic around p. Clearly, in p we have
(
trace
(∇2T )) (Xj) =
2∑
i=1
(∇2T ) (Xi,Xi,Xj) .
We note that we can rewrite the right hand term as
2∑
i=1
(∇2T ) (Xi,Xi,Xj) =
2∑
i=1
((∇2T ) (Xi,Xi,Xj)− (∇2T ) (Xi,Xj ,Xi))
+
2∑
i=1
(∇2T ) (Xi,Xj ,Xi) .
After some straightforward computations, at p one obtains
2∑
i=1
(∇2T ) (Xi,Xi,Xj) =
2∑
i=1
(Xi〈div T,Xj〉Xi −Xi〈div T,Xi〉Xj − (Xi (Xjt))Xi +
+(Xi (Xit))Xj +
(∇2T ) (Xi,Xj ,Xi)) ,
where t = trace T , as in the previous section.
Further, applying Ricci’s formula, since div T = 0 and
2∑
i=1
(∇2T ) (Xj ,Xi,Xi) = 0
at p, it follows that, at p, we have(
trace
(∇2T )) (Xj) = (2KT − (∆t) I −∇ grad t−KtI) (Xj) .
Therefore, at p one obtains
trace
(∇2T ) = 2KT − tKI − (∆t)I −∇ grad t.
Since p was arbitrary chosen, we get that the expression of trace
(∇2T ) holds on
M . 
Using relation (5.1) we can compute the Laplacian of the squared norm of S2 and
obtain a Simons type formula (here, instead of the second fundamental form we have
the stress-bienergy tensor).
Proposition 5.2. Let ϕ :M2 → Nn be a biconservative surface. Then,
(5.2)
1
2∆ |S2|2 = −2K |S2|2 + div
((〈S2, grad (|τ(ϕ)|2)〉)♯
)
+K|τ(ϕ)|4
+12∆
(|τ(ϕ)|4)+ ∣∣grad (|τ(ϕ)|2)∣∣2 − |∇S2|2 .
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Proof. First, using the fact that traceS2 = |τ(ϕ)|2 and applying (5.1) for T = S2
one obtains
(5.3) ∆RS2 = −2KS2 +∇ grad
(|τ(ϕ)|2)+ (K|τ(ϕ)|2 +∆ (|τ(ϕ)|2)) I,
where ∆RS2 = − trace
(∇2S2).
Then, from (2.2), since M is biconservative, one gets
(5.4) div
(
S2
(
grad
(|τ(ϕ)|2))) = 〈S2,Hess (|τ(ϕ)|2)〉.
It is easy to see that from (2.1), considering T = S = S2, one has
(5.5)
1
2
∆ |S2|2 =
〈
∆RS2, S2
〉− |∇S2|2 .
Further, since 〈I, S2〉 = traceS2 = |τ(ϕ)|2 and
∆
(
|τ(ϕ)|2
)
|τ(ϕ)|2 = 1
2
∆
(
|τ(ϕ)|4
)
+
∣∣grad (|τ(ϕ)|2)∣∣2 ,
from (5.3), (5.4) and (5.5), it follows that relation (5.2) holds. 
Remark 5.3. If ϕ : M2 → Nn is a CMC biconservative surface, then S2 is a
Codazzi tensor field and relation (5.3) follows from a well-known formula in [3].
Remark 5.4. Formula (5.3) was obtained in [15] but for biharmonic maps (a
stronger hypothesis) from surfaces and in a different way.
Integrating (5.2) we get the following integral formula.
Proposition 5.5. Let ϕ : M2 → Nn be a biconservative surface and assume that
M is compact. Then
(5.6)
∫
M
(
|∇S2|2 + 2K
(
|S2|2 − |τ(ϕ)|
4
2
))
vg =
∫
M
∣∣grad (|τ(ϕ)|2)∣∣2 vg.
or, equivalently,∫
M
(
|∇AH |2 + 2K
(
|AH |2 − 2|H|4
))
vg =
5
2
∫
M
∣∣grad (|H|2)∣∣2 vg.
Proof. SinceM is compact, relation (5.6) quickly follows integrating (5.2). To obtain
the second equation, i.e., an equivalent expression to (5.6), in terms of AH and |H|,
we recall that
(5.7) |S2|2 = 16 |AH |2 − 24|H|4
and
∇XS2 = −2
(
X
(|H|2)) I + 4∇XAH ,
for any X ∈ C(TM).
Then, by standard computations, we obtain
|∇S2|2 = 16 |∇AH |2 − 24
∣∣grad (|H|2)∣∣2 .
Finally, we can rewrite (5.6) as∫
M
(
16 |∇AH |2 − 24
∣∣grad (|H|2)∣∣2+ (2K (16 |AH |2 − 24|H|4 − 8|H|4
))
vg =
= 16
∫
M
∣∣grad (|H|2)∣∣2 vg
and by a direct computation we get
(5.8)
∫
M
(
|∇AH |2 + 2K
(
|AH |2 − 2|H|4
))
vg =
5
2
∫
M
∣∣grad (|H|2)∣∣2 vg.
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
Remark 5.6. It is easy to see that 2 |S2|2− |τ(ϕ)|4 = 32
(
|AH |2 − 2|H|4
)
is always
non-negative, and it vanishes if and only if S2 =
(|τ(ϕ)|2/ 2)I, or equivalently M is
pseudoumbilical.
From (5.8) we easily get the following result.
Theorem 5.7. Let ϕ : M2 → Nn be a CMC biconservative surface and assume
that M is compact. If K ≥ 0, then ∇AH = 0 and M is flat or pseudoumbilical.
Proof. Since |H| is constant, from (5.8) one obtains
|∇AH |2 + 2K
(
|AH |2 − 2|H|4
)
= 0.
Therefore ∇AH = 0 and K
(
|AH |2 − 2|H|4
)
= 0. From the last equality, it follows
that K = 0, i.e., M is flat, or |AH |2 − 2|H|4 = 0, i.e., M is pseudoumbilical. 
In the following, we will study the complete non-compact biconservative surfaces.
Theorem 5.8. Let ϕ : M2 → Nn be a CMC biconservative surface. Assume that
M is complete, non-compact, and K ≥ 0. If
N
Riem ≤ k0, where k0 is a non-negative
constant, then ∇AH = 0.
Proof. As |H| is constant, τ(ϕ) = 2H and |S2|2 = 16 |AH |2 − 24|H|4, from (5.2) we
get
(5.9) − 1
2
∆ |S2|2 = 32K
(
|AH |2 − 2|H|4
)
+ |∇S2|2 .
Since K and |AH |2−2|H|4 are always non-negative (see the hypothesis and Remark
5.6, respectively), we get that ∆ |S2|2 ≤ 0, i.e., |S2|2 is a subharmonic function.
Next, we prove that |S2|2 is bounded from above. From (5.7) it is easy to see that
|S2|2 is bounded from above if and only if |AH |2 is bounded from above.
Let us consider {X1,X2} a local orthonormal frame field onM and {η, η1, · · · , ηn−3}
a local orthonormal coframe field on M such that H = |H|η. From the Gauss equa-
tion we have
K−
N
Riem (X1,X2) =〈B (X1,X1) , B (X2,X2)〉 − |B (X1,X2)|2
=〈Aη (X1) ,X1〉〈Aη (X2) ,X2〉 − (〈Aη (X1) ,X2〉)2
+
n−3∑
α=1
(
〈Aηα (X1) ,X1〉〈Aηα (X2) ,X2〉 − (〈Aηα (X1) ,X2〉)2
)
=detAη +
n−3∑
α=1
detAηα ,
where
N
Riem (X1,X2) = R
N (X1,X2,X1,X2) .
It is clear that 〈H, ηα〉 = 0, and then traceAηα = 2〈H, ηα〉 = 0, for any α ∈
{1, 2, · · · n− 3}. As Aηα is symmetric, we note that detAηα 6= 0 for any α and∑n−3
α=1 detAηα ≤ 0. Then, we get
(5.10) K−
N
Riem (X1,X2) ≤ detAη .
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Let us consider µ1 and µ2 the principal curvatures of Aη. Then
detAη =µ1µ2 =
(µ1 + µ2)
2 − (µ21 + µ22)
2
=
(traceAη)
2 − |Aη|2
2
=
4|H|2 − |Aη|2
2
.
From (5.10) one obtains
|Aη|2 ≤ 4|H|2 − 2K + 2
N
Riem (X1,X2) .
Since K ≥ 0 and
N
Riem ≤ k0, it follows that
|Aη|2 ≤ 4|H|2 + 2k0.
Therefore, |Aη|2 is bounded from above by the constant 4|H|2+2k0 and then |AH |2
is bounded from above.
It is well known that a complete surface with K ≥ 0 is parabolic (see [11]),
i.e., any subharmonic function bounded from above is constant. Thus, as |S2|2 is
bounded from above and subharmonic, it follows that |S2|2 is a constant. Using
|∇S2|2 = 16 |∇AH |2 and (5.9) one obtains that ∇AH = 0, and therefore M is flat
or pseudoumbilical. 
5.1. Exemples of submanifolds with ∇AH = 0. As we have seen, a PMC
surface in a space form Nn(c), n ≥ 4, is trivially biconservative. But, if the surface
is only CMC then it is not necessarily biconservative. In [17] it was proved that if
a surface is biconservative and CMC in N4(c), with c 6= 0, then the surface has to
be PMC, i.e., the trivial case for our problem. We just recall here that, if c = 1,
then a PMC surface in S4 is either a minimal surface of a small hypersphere of
radius a, a ∈ (0, 1), in S4, or a CMC surface in a small or great hypersphere in S4
(see [24,25]). Of course, if we consider a CMC biconservative surfaceM2 of genus 0
in R4, it is pseudoumbilical and therefore it is PMC, i.e., M2 is a 2-sphere (see [10]).
In R4, there were obtained all CMC biconservative surfaces which are not PMC.
They are given by the isometric immersion ϕ : R2 → R4 defined by
ϕ(u, v) = γ(u) + (v + a)e4,
where γ : R → R3 is a smooth curve parametrized by arc length with positive
constant curvature k and free torsion τ . By direct computation we obtain that the
second fundamental form of the surface is given by
B (∂u, ∂u) = k(u)N(u), B (∂u, ∂v) = 0, B (∂v, ∂v) = 0,
where {T (u), N(u), B(u)} is the Frenet frame field associated to the curve γ. Then,
one obtains the expression of the mean curvature vector field
H(u, v) =
k
2
N(u),
the shape operator with respect to H
AH (∂u) =
k2
2
∂u, AH (∂v) = 0
and
∇⊥∂uH =
k
2
τ(u)N(u), ∇⊥∂vH = 0.
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It is easy to see that ϕ is a biconservative immersion, i.e., satisfies
grad
(|H|2)+ 2 traceA∇⊥· H(·) + 2 trace
(
RR
4
(·,H)·
)T
= 0.
Therefore, ϕ satisfies all hypotheses of Theorem 5.8 which implies that AH is parallel,
a fact which can be also checked by a direct computation.
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